The aim of this paper is to determine the optimal locations for the construction of refuelling stations for vehicles in urban distribution networks including paths and intersections. The objective is to maximise the covered demands with certain number of facilities. For this purpose, mathematical modelling of location-allocation based on the maximal coverage is developed. Considering the service capacity constraint for refuelling stations is one of the innovations of this research. Changing the approach from the node-based to path-based for demands and facility location makes a new way to the location problems of this field. The proposed algorithms have been approved by solving a numerical example. The overall findings show that in the maximal covering of demands, the third heuristic algorithm is better than others based on the fewer number of determined stations.
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Introduction
Facility location model is one of the most important problems in the industrial engineering and its extension to different fields indicates the importance of this issue. When some concepts become significant at a distribution network, such as covering and queue, these models will be changed to new models with new applications near to real world. So, a location model which is formulated by some constraints of real world, could lead to better solutions. The models that are presented in this paper are inspired from maximal covering location model, which try to obtain solutions with maximum covered demand in a network.
The aim of this paper is to offer mathematical modelling of location-allocation for refuelling stations and to determine the local places for sitting them. The damage cost of running out of fuel such as making congestion, increasing the risk of accident for other vehicles and wasting time are the damages which are caused by stopped vehicles because of running out of fuel before reaching the end destination. In this paper, three heuristic algorithms are developed for solving a fuel distribution network, in an urban scale. These algorithms are based on greedy algorithm's concept, but each of them has different assumptions, and expresses different states of network.
The fuel distribution network which is studied here includes some nodes and paths. The paths of this network are the main streets of a city and the nodes are the cross streets. Indeed, when the vehicles are passing the streets from the origin to destination, the concept of demand will be formed since a vehicle needs to be refuelled to continue the way.
In this research we examined three states. First, the state of network expresses that the demand and supplier are based on nodes. Its second state, expresses that the vehicles which are passing the roads from origin to destination their needs to be refuelled is a path-based demand not a node-based demand, so in this state the demand type is changed from node-based to path-based approach. In fact, we assume that the traffic flow of vehicles which are passing the roads shows the demand on the fuel distribution network. Actually, this assumption helps the model to be more real. But, the supplier is node-based in the second state. It means that, the refuelling station is located on the network nodes. Third state, as the most real case for expressing the problem indicates that both of demand and supplier are path-based.
In this paper, three heuristic algorithms namely node-based-FRLM 1 (state 1), semi node-based-FRLM (state 2) and path-based-FRLM (state 3), for solving the flow refuelling location model are proposed. The performance comparison shows that path-based-FRLM (state 3) has better and more reasonable solutions than the other states.
Literature review of covering location models
Location models can be classified in different types. Its parameters can be categorised as deterministic and non-deterministic forms of fuzzy and probabilistic. Also, these location problems if combined with queuing systems, depending on the establishment of servers, servers are divided into: fixed and mobile. The location context aims only to determine the optimal location to establish the servers; but when there are scopes of demand, this context will change to location-allocation context. The other important classification of location problems is relevant to the type of literature of this problem; Revelle et al. (2008) have classified the literature of location problems to four models of discrete, continuous, network and analysis.
Covering is one of the important goals of location models as well. The main objective of covering problems is to minimise the covering cost of a set of customers with specific demand, so as to ensure to serve every customer with a set of facilities in the acceptable covering area. This is expressed by Toregas et al. (1971) and it could be generalised to many problems. The set covering problem and maximal covering problem are the most prominent in the location-allocation models. The objective of location-allocation models is to determine the facilities location to minimise the allocation's cost of facilities to demands; with the proviso that every facilities must be allocated to the certain number of demand (Heragu, 1997) . All of discrete location-allocation models have a special objective function which will be optimised by establishing new facilities in a scope of network. In general, these models are extensible by multi-objective functions or transferring the parameters into dynamic or probabilistic types (Shavandi and Mahloogi, 2006) . In order to classify the covering models, the set covering location model and maximal covering location model are the main and basic models for covering problems. The other covering problems are formed and extended according to the context of these models. Figure 1 shows the general classification of covering problems. Set covering problems can be divided into three models such as 'set covering location model', 'Set Partitioning Problem', 'Set Packing Problem'. The set covering location model as the first covering model in the literature has been presented by Toregas et al. (1971) . In this problem, a set of applicants with certain demand is defined, which must be serviced by some facilities; the main assumption of this model is covering all demand points and the main objective function is minimising the cost. In this problem, a standard range of covering including distance or time is defined, so according to this covering range, every demand point must be covered by at least one server. The most application of this model is in the emergency service centres such as hospitals, aid stations for cars, fire stations, police centres and, etc.
The goal of set partitioning problem is to minimise the establishment cost of facilities as every demand point is covered by one facility . The application of this model is in many realistic world problems such as routing and political segmentation, scheduling for aircraft and ships staff, scheduling for vehicles and, etc. Objective function of this model is to minimise the cost of choosing the facilities. Set packing problem has been applied in designing the railway infrastructure, timing of transportation and project scheduling with limited resources. In this problem, the candidate set is a set of separate facilities, which their total cost of establishment would be minimised. Also, each of demand points must be covered by maximum one facility. The objective function of this model is to minimise the total cost of facilities establishment Fisher and Kedia, 1990) .
In the realistic world, because of some different constraints such as budget, human resource, time, geographic limitations and etc, the network cannot be completely covered; therefore, the primary context of maximal covering problem (partial-covering) is formed; it means that there is no obligation to complete network coverage; but the objective function of this model is to reach to maximum covering. The maximal covering problem was formulated and modelled by Church and Revelle. In maximal covering location model, all demand points are not covered and the objective of this problem tries to locate the specified number of facilities, so that, the covered demand become maximum. In other word, the specified number of facilities indicates the budget constraint (Church and Revelle, 1974) . In the following, the models which are formed based on maximal covering location are described, such as 'maximal covering location model', 'Maximal Expected Covering Location Problem', 'Hierarchical Covering Location Problem', 'The minimum weighted covering location problem with distance constraints'. Church and Revelle (1974) are the first authors who studied and formulated the maximal covering location problem. The goal of this problem is to maximise the maximum number of existing nodes, with respect to pre-specified number of suppliers. In this model, if the scope of demand is in standard range (distance/ time) the demand could be covered by a facility. These researchers presented two heuristic algorithms 'greedy adding' and 'greedy adding with substitution' for solving the maximal covering location problem. These algorithms are similar to ' vertex substitution ' which is extended for solving the other location problems such as a simple location model or p-median problem which did not assure the global optimal solution such researches (Eilon, 1978; Teitz and Bart, 1968; Whitaker, 1983) . Also, the linear programming is used for maximal covering problem, but the optimal solution would be assured when the linear programming is an integer (zero-one) programming. The maximal covering problem with congestion and busy servers is extended to 'Maximal Expected Covering Location Problem' by Daskin. In this model the expected covering demand, considering busy servers will be maximised (Aytug and Saydam, 2002) . The objective function of this model indicates the maximum covered demand considering probability of busy servers. Hierarchical covering location problem is introduced for healthcare's centres. The main assumption of this model is that several types of service can be done for customers. Generally, the literature of hierarchical covering location problem indicates the cases with two or three levels that have been studied. In this problem, covering distance and service type to customers indicate with covering level. The covered number of demands by facilities, with respect to required facilities, will be maximised. The demands in a same certain covering level, are covered if located in a certain scope from facilities; otherwise, are not covered. Similar to maximal covering problem, this model is a NP-hard problem (Lee and Lee, 2010) . The goal of 'the minimum weighted covering location problem with distance constraints' is minimising the total covered demand by establishing the specified number of inappropriate facility and considering the distance constraints in a network, in the condition that facility must not near to each other according to predefined distance. This model is applied in location of inappropriate and detrimental facilities such as place of garbage collection, nuclear reactors and prisons. For modelling this problem, the mini-max or maxi-sum objectives have been applied.
Problem description and mathematical modelling

Problem description
In this section, the problem and the three important components of the network are explained. The network, which we studied, consists of main streets and cross streets of a road network in the city scale; and generally it could be applicable for every network constructed of roads and cross roads. The demand, here is defined as the vehicles are passing the roads from their origin to their destination and needs to be refuelled because of running out of fuel in the way. So, some components must be defined. As shown in Figure 2 , every street is a network's path and has two cross street at both side. In fact there is no difference between node O and node D; this is only an abbreviation for calling a path with O-D name. The components must be explained are distance, traffic flow and covering range.
Distance: this component shows the indirect linear distance between two nodes. It means that if the path shape has curvature, it must be divided into some linear and measurable distance, not a straight line distance between two nodes. Distance of every path is written as a number on the path, for example, in Figure 2 , the distance between nodes O and D is 1,000 units.
Traffic flow: the traffic flow represents the volume of traffic flow for cars are passing between nodes O and D. This component indicates with a number, which is measured as a mean rate of cars traffic in every street by traffic flow in a period of time. Depending on network state that we explained before, in the introduction section, this parameter is defined separately. There are two different concepts for these two types of flow. If the traffic flow is defined on the nodes, this is node-based state and it means that demand in the network focuses on nodes. If the traffic flow is defined on the paths, this is path-based state and it means that the network's demand focuses on the paths. The basic difference between these states is how to calculate in the algorithm. In the node-based approach, demand of nodes indicates by a 1 × n matrix; and in the path-based approach, demand of paths indicates by an n × n matrix. So the calculations of algorithm's steps become completely different. This component is written in parentheses on the path, as shown in Figure 2 .
Covering range: covering range is the distance that a vehicle with minimum fuel can follow and after running out of fuel, will stop on the path without reaching to the destination. For example if the covering range is defined 1,500 units, it means that more than 1s500 distance, vehicles will stop on the road. To continue the distance more than covering range, there is necessary to set a fuel supplier station on the suitable locations.
The components described above, must be measured in the network and then it is ready for solving by the algorithms presented in this paper. Objective function (1) will maximise the total flow volume that can be refuelled. Constraint (2) determines the number of refuelling stations must be established in the network. The service capacity constraint (3) indicates the maximum number of vehicles which could be serviced by each refuelling station; indeed, parameter λ maxj shows the maximum population of potential customers (cars) for service by each station. Constraint (4) ensures that node i is covered just by one station j. Constraint (5) shows that x i and y i are binary variables.
K the number of facilities to be located X j 1 if node j be chosen as supplier; 0 otherwise y i 1 if node i is covered; 0 otherwise a ij 1 if node i is covered by node j; 0 otherwise.
State 2: Path-based demand and node-based supplier station
In state 2, network's nodes are candidate locations for establishing the refuelling stations; but the demand is transferred from nodes to paths. For this purpose, some special calculations according to Kirchhoff' laws must be done, which is illustrated in Section 4.2. Objective function (6) will maximise the total flow volume that can be refuelled. Constraint (7) determines the number of refuelling stations must be established in the network. The service capacity constraint (8) indicates the maximum number of vehicles which could be serviced by each refuelling station; indeed, parameter λ maxj shows the maximum population of potential customers for service by each station. Constraint (9) ensures that OD path is covered by just one node j and both of them are defined as zero-one variables in constraint (10). 
State 3: Demand and supplier station are path-based
In order to become more real, in addition to path-based demand, the supplier station location could be established on streets, not limited only to cross streets. So, it seems more reasonable that a refuelling station location, be selected from all network's path, because the main motion of each vehicle is on the streets and cross streets are only a point that vehicles must be stop before it and this place is a decision point, so it's not a good place for establishing refuelling station. So in this state, we have two path-based component, demand and supplier location. Method of calculation in the third algorithm will change and it is described in Section 4.3. Objective function (11) will maximise the total flow volume that can be refuelled. Constraint (12) determines the number of refuelling station must be established in the network. The service capacity constraint (13) indicates the maximum number of vehicles which could be serviced by each refuelling station; indeed, parameter max O D λ ′ ′ shows the maximum population of potential customers for service by each station. Constraint (14) ensures that O-D path is covered just by one O′D′ path. Constraint (15) shows that x O′D′ and y OD are binary variables. ( 1 1 ) 
Heuristic algorithms for solving the flow-refuelling location model
In this research, derived from the greedy algorithm, three algorithms are designed and implemented to solve the flow-refuelling location model. The greedy-adding algorithm was effective in solving the maximum-covering problem (Church and Revelle, 1973 ) and the greedy-adding algorithm was also effective in solving the FCLM (Hodgson, 1990) . So in this research, we design three algorithms for solving the FRLM derived from the greedy algorithm. In the following sections, the algorithms which presented in this paper for solving the FRLM, are described step by step, for all three states. For more understanding, the flowchart of presented algorithm is shown in Figure 8 for state 2.
State 1: Demand and supplier stations are node-based
Step1 -Matrix of direct distance between pair-nodes
The matrix of direct distance between pair-nodes show the distance between each pair-node that connected to each others. 
Step 2 -Matrix of shortest path between nodes
In this stage, shortest path between nodes must be calculated. So, in this step, matrix of direct distance between nodes will be converted to shortest path matrix between nodes.
Step 3 -Matrix of coverage
According to the covering range defined for the network, matrix of shortest path will be converted to covering matrix. For this purpose, algorithm checks the shortest path between nodes, if the shortest path between two nodes is less than covering range, so the nodes can cover each other and if the shortest path between two nodes is more than covering range, so the nodes cannot cover each other. If node 1 could cover node 2, so the amount of corresponding element that is will equal to 1 and if node 1 could not cover node 2, the amount of corresponding element that is a 21 is equal to 0. Then, we have:
1 2 3 1 1 0 1 2 0 1 Coverage matrix: 3 1 1 1
Step 4 -Matrix of traffic flow for vehicles passing the nodes
Matrix of traffic flow is one of this algorithm's inputs. In this matrix, traffic flow which is passing on each node, is measured and determined by a number. Indeed a 1 × n matrix as matrix of traffic flow on each node, as an input, entered into algorithm.
[ ]
Matrix of traffic flow for each node:
Step 5 -Index calculation
In this step, we design indexes which can calculate the amount of coverage-ability for each node. Multiply column j from covering matrix to traffic flow matrix for each node can result this index.
Index calculation without servicing capacity constraint
Calculation of index without service capacity constraint is shown for each node, as below equation:
In this case, the total traffic flow that could be covered by each node is calculated, so the node with maximum coverage-ability is chosen for establishing the station. Then, covering matrix will be updated and covered nodes will eliminate from covering matrix. Therefore, step 3 until step 5 will be repeated with respect to the number of facilities which is defined at the first.
Index calculation with servicing capacity constraint
In this step the total traffic flow is calculated for each node, but only the nodes which their total covered traffic flow is equal or less than λ max , will be candidate for choosing. Considering service capacity constraint, make the network to be without congestion in the station. Calculation of index with service capacity constraint is shown for each node, as bellow equation:
State 2: Path-based demand and node-based supplier station
In addition to have service capacity constraint in the related algorithm, this approach considers the traffic flow of the network's paths. Here, the distance from every path to every node must be calculated and then must be checked whether this distance is more than coverage distance or not. For this purpose, first of all, the traffic flow must be transferred from each node to each path. To have a comparison between the states 1 and 2, the total traffic flow of both network's type must be equal. There are some assumptions which help us to transfer these networks to each other. The traffic flow passing on each node is equal to the total of half of the flow which enters to each node from each path. It is calculated for node 3 as the following equation, with respect to the This assumption is provable by Kirchhoff-first law, which indicates that the total inputs flow to each node is equal to the total outputs flow from each node. Figure 5 and following equation show the proving of Kirchhoff-first law in the network. 
Step 1 -Matrix of direct distance between pair-nodes and matrix of traffic flow between nodes
Matrix of direct distance between pair-nodes shows the distance between each connected pair-node. Matrix of traffic flow for nodes indicates the traffic flow between each pairnode. Indeed, the matrix of traffic flow for nodes shows the traffic flow of the passing vehicles on each path. 
Every path has been assumed to have two sided; so the traffic flow in both side on each path, is assumed equal.
Step 2 -Matrix of shortest path for nodes and Matrix of traffic flow for vehicles passing the shortest path
In this step, at the first, shortest path between all nodes must be calculated from the matrix of direct distance between nodes. Then, the algorithm is able to memorise the route details such as all nodes which exist in the shortest path between two nodes. Also, the traffic flow of every shortest path could be determined as a matrix.
Step 3 -Matrix of coverage
The covering matrix is calculated for each node as we described it in Section 4.1.3.
Step 4 -Dual search and Index calculation
In this step, there are two types of searches for each node; basic search and secondary search. In basic search, according to shortest path, for each node, the traffic flow of connected paths for covered nodes must be calculated. Secondary search is designed for cases which some paths have been neglected in the basic search calculation, because in the basic search, all of the paths are not searched, but only the paths which exist on the shortest path are searched; so some paths which do not exist in the shortest path, will be neglected. In secondary search, for each covered node, all connected paths will be checked with respect to covering distance. Therefore, all network's paths have been checked. Finally, all covered paths by each node are determined. The total traffic flow of covered paths, will be calculate for each node. The node with maximum total covered flow, with respect to defined service capacity constraint, is the best node for establishing refuelling station. This index is calculated as the following equations.
Step 5 -Updating the matrix of traffic flow
In this step, all covered traffic flow for selected node as the best location for establishment refuelling station, will transfer to 0 in the traffic flow matrix, then the traffic flow matrix will be updated. Until the traffic flow matrix has not become a zero-matrix; it means that there are some paths which have not been covered yet. So the algorithm returns to step 4 and continues again. The cycle between steps 4 and 5, will continue until to reach a zero flow matrix. Of course, the iteration number in the algorithm is depending on the number of facilities which is defined at the first.
State 3: Demand and supplier station are path-based
Here, the algorithm is designed for state, where both demand and location of refuelling station are path-based. It means that network's demand is the traffic flow of passing vehicles on the streets (paths) and the selected location for station establishment is considered on the streets (paths), too. These assumptions make the solution more real in the realistic world. In this path-based approach, the optimum selected location for station establishment is not limited to the cross streets and it is considered on the streets.
Step 1 -Matrix of direct distance between pair-nodes and matrix of traffic flow for nodes
Matrix of direct distance between pair-nodes and matrix of traffic flow for nodes are calculated such as described in Section 4.2.1.
Step 2 -Matrix of shortest path between nodes and Matrix of traffic flow for vehicles passing the shortest path
The matrix of shortest path for nodes and matrix of traffic flow for vehicles passing the shortest path are calculated as described in Section 4.2.2.
Step 3 -Matrix of coverage
Step 4 -Matrix of 'street database' (StrDB)
In this step, a database from all connected nodes is generated. This database memorises the information of all paths including the primary and the terminal nodes.
Step 5 -Dual search and index calculation for all paths
In this step, similar computation like that of Section 4.2.4 is done for each network's path. Therefore, since every path made by two nodes, the dual search will be done for both primary and terminal nodes. A path would be covered, if O-D path distance from at least one of the primary or terminal nodes of be equal or less than covering distance. Dual search will be done for all networks' paths as path. The path with maximum covering will be selected as the best place for establishing the refuelling station.
Numerical example: from network of Tehran City
In this section, the proposed algorithms are implemented to solve a network consists of 35 nodes. As Figure 6 shows, the studied network is the main streets of an area in Tehran city. This network includes 55 paths and 35 nodes, which the paths are the main streets and the nodes are the cross streets. Every path has a distance and a traffic flow matrix, which must be measured and converted to a value to be usable for calculations. Finally, using the inputs data and calculations described in Section 4, all three presented algorithms will be implemented to solve the network in Figure 7 . 
Discussion of the results
The results of solving the studied network by three proposed algorithms are summarised in Tables 1 and 2 . In this paper, we examined approaches node-based and path-based in the three states of a refuelling location model. As described in the previous sections, in the first state, when traffic flow is considered on the nodes, it means that the demand is on the nodes, but it does not match with reality, because the place we are considering the demand, is a place for stop, the cross streets are the decision points for vehicles drivers; in order to make more real the model and the solution, the assumptions of states 2 and 3 were employed. Also, it's more reasonable to consider the place of refuelling stations on the path, rather than on the nodes. Finally, the state 3 as the most real case for solving the refuelling location model is presented. Another innovation that is added to this problem is to consider the service capacity constraint for every supplier. In the states 1 and 2, the nodes have a constraint for service rate and in the state 3, the paths have this constraint. When we do not consider the service capacity constraint for this model, the solution will not consider it too, it means that the network will be covered but not in optimum state, for example as we can see in the Tables 1 and 2 , because of considering involving service capacity constraint, the selected nodes for establishment of stations will change. It means that when the model has not service capacity constraint, the solution shows inappropriate congestion around the refuelling station. The service capacity constraint limits the stations to service the vehicles only up to λ max ; and this makes the network to be in ideal state. As the results show this is true for all three states. The service capacity constraint which considered in this model, assure that the obtained solution for refuelling station, do not make any inappropriate congestion at the selected station.
Another important point derived from findings is the uncovered number of nodes or paths in the three states. In all states, when we do not have any limitation to supply the demand of refuelling, the number of uncovered in each facility number, is less than the case with service capacity constraint. This indicates that in cases without service capacity constraint, the stations try to supply demand without respect to the congestion, so it makes the station too crowded. Table 1 The summarised results for states 1 and 2; covering distance: 1,000; λ max : 5,000 
Conclusions and future research
In this paper, three mathematical models and related heuristic algorithms for solving the location-allocation problem of refuelling location model are presented. As numerical example the information of the studied network as an area of Tehran city including 35 nodes and 55 paths was solved by proposed algorithms. Two different approaches are applied in the three algorithms; node-based and path-based demand and node-based and path-based supplier location. Moreover, two states of solutions for case with service capacity constraint or without service capacity constraint have been studied and compared. The results show that for state 1, there is necessary to establish four refuelling station with service capacity constraint, for state 2, there are five locations for establishing the station and for state 3, there are only three locations for establishing the station. As we expected, the state 3 is the optimum state and has the best solutions than states 1 and 2. The outputs of states 1 and 2 are nodes or cross streets, but the outputs of state 3 are paths or streets.
Comparisons among three algorithms including service capacity constraint show that with respect to complete covering, state 3 solves the model with minimum facility number. In general, the algorithm of state 3 has better and more reasonable solutions. Also, in the previous researches on flow-refuelling-location-model, service capacity constraint was not considered. Without considering service capacity constraint in the model, the model will be solved but, there is the probability of congestion around the places with more traffic flow, so to prevent from congestion around the station specially the stations near to places with high traffic flow, the service capacity constraint is considered in all three proposed algorithms of this paper.
In this paper, three heuristic algorithms namely node-based-FRLM (state 1), semi node-based-FRLM (state 2) and path-based-FRLM (state 3), for solving the flow refuelling location model is presented. The performance comparisons show that path-based-FRLM (state 3) has better and more reasonable solutions than the state 1 and state 2. For further researches, different heuristic algorithms such as Vertex substitution, Simulated annealing and tabu search can be implemented and compared to these three presented algorithms. The parameter of traffic flow in realistic world is not a deterministic number, so these models can be studied with fuzzy numbers. 
